Abstract: Complete complementary sequence (CCS) has ideal correlation performance along the zero Doppler axis. However, its correlation property is extremely sensitive to the Doppler shift. In this letter, by employing a sequential quadratic programming (SQP) optimization method, a novel design of the Doppler resilient CCS is presented for multiple-input multiple-output (MIMO) radar. Compared to the existing methods, this design can reduce the range sidelobes associated with a matrix-valued ambiguity function without restrictions on the waveform number, the pulse number and the waveform length. In addition, the superior orthogonality of CCS can also be achieved. Several numerical examples are provided to demonstrate the effectiveness of this design.
Introduction
Multiple-input multiple-output (MIMO) radar is a newly proposed radar, which can transmit independent waveforms at different antennas [1, 2, 3] . Waveform diversity plays a central role in both the colocated and statistical MIMO radars. In order to achieve good waveform diversity performance and eliminate mutual interference, MIMO radar usually transmits orthogonal waveforms [4, 5, 6] .
Recently, an orthogonal poly-phase code set is designed in [2] with an adaptive clonal selection algorithm, which is also introduced to seek the complementary codes of chaotic phase-coded signals in [6] . However, the correlation sidelobe level of the codes in [2] and [6] is still high, which greatly affects clutter suppression and the estimation of scattering coefficient. In order to extenuate the waveform crosscorrelation effects in MIMO radar, a space-time coding (STC) method is developed in [5] , where the joint waveform optimization problem is decoupled into a set of individual waveform design problems. However, the autocorrelation sidelobes cannot be eliminated. Complete complementary sequence (CCS) has ideal correlation performance along the zero Doppler axis. More specifically, the autocorrelation of CCS is an impulse function, and the crosscorrelation is zero. Hence, CCS is utilized in MIMO radar to acquire the desired correlation performance in [1] and increase the channel capacity in [3] , respectively. Nevertheless, the correlation property of CCS is extremely sensitive to the Doppler shift. In [4] , by rearranging the order of a CCS with the generalized Prouhet-Thue-Morse (GPTM) sequence, the Doppler resilient CCS is constructed. However, the CCSs constructed by analytical methods exist only for a few waveform numbers, pulse numbers and waveform lengths. Moreover, the range sidelobes of the matrix-valued ambiguity function for the CCS in [4] can be further reduced.
In this letter, an optimization method is proposed for designing the Doppler resilient CCS. Without restrictions on the waveform number, the pulse number and the waveform length, the design is modeled as a constrained minimization problem by introducing an auxiliary variable. Then, the sequential quadratic programming (SQP) algorithm is introduced to solve the problem, after which the Doppler resilient and superior orthogonal CCS can be achieved. Simulation results demonstrate the effectiveness of this design. With (1), the ðM; K; NÞ sequence set S ¼ ½s 0 ; s 1 ; Á Á Á ; s KÀ1 can be obtained, where M is the waveform number, K is the pulse number, and N is the waveform length (i.e., the number of subpulses). Then the covariance matrices of s k with size M Â M can be expressed as
where J n is a shift matrix, and
Definition: An ðM; K; NÞ sequence set S can be defined as an ðM; K; NÞ CCS if it satisfies [4, 7, 8, 9] . In such a system, the received signal at the kth pulse can be expressed as
where H is the L Â M channel matrix (accounting for the channel propagation and target backscattering effects), and indicates the Hadamard product. The second term in (4) is the clutter reflected by various range spread scatterers around the interest target. Moreover, H nq and nq have the same meaning as that of H and for the other range bins. Q n represents the number of scatterers in the nth adjacent range bin. denotes the normalized Doppler shift matrix with size L Â M, and the ði; jÞth entry of which is given by
where λ is the wavelength and the pulse repetition frequency (PRF) is the reciprocal of the PRI. v T;i and v R;j are the radial velocity of the target with respect to the ith transmitter and the jth receiver, respectively [4, 8] .
In order to increase the signal-to-noise ratio (SNR), we perform the matched filtering operation, and the output can be written as 
where n is the chip interval index, and θ represents the Doppler shift. In addition, the ði; iÞth and the ði; jÞth elements of Gðn; Þ can be regarded as the auto-ambiguity and cross ambiguity functions, respectively. By using an ðM; K; NÞ CCS as the transmitted waveform, and then substituting (3) into (8), we obtain
It is obvious that, in (9) , if all scatterers are stationary, i.e. ¼ 0, the sidelobes of the ambiguity function are cancelled. Therefore, both clutter interference and the interaction of each waveform can be eliminated. However, CCS is extremely sensitive to the Doppler shift, and even a minor one can induce high sidelobes in ambiguity function. In order to efficiently reduce the range sidelobe peak of Gðn; Þ, we use the peak sidelobe level of Gðn; Þ as the objective function in the minimization process. It is worth noting that, with the integrated sidelobe level of Gðn; Þ as the objective function, the optimization can reduce the total energy of sidelobes. But this can not make sure all sidelobe peaks reduce uniformly, and may result in high sidelobes, which can mask some weak targets. However, with the peak sidelobe level of Gðn; Þ as the objective function, the optimization can reduce all sidelobe peaks uniformly, and hence high sidelobes can be suppressed [2, 6] . To be specific, the objective function consists of the peak sidelobes of auto-ambiguity function ðG i;i ðn; ÞÞ and all peak values of cross ambiguity function ðG i;j ðn; ÞÞ. Additionally, in MIMO radar, the practical hardware constraints (amplifiers, D/A converters, etc.) require that the designed waveforms be constant modulus. Hence the constant modulus constraint is always imposed on CCS in the design procedure. To address the aforementioned issue, we formulate this design as the following optimization problem 
Note that, the analytical constructions of CCS have some restrictions on the waveform number, the pulse number and the waveform length [4] . For instance, the pulse number should be no less than the waveform number, and the waveform length should be decomposed by factors which are not greater than the waveform number, etc. However, the optimization in (10) does not have such restrictions, and thus can increase the flexibility of this design.
Up to now, the design of the Doppler resilient CCS in MIMO radar is modeled as a minimization problem, next we consider how to solve the problem for the desired CCS.
With the auxiliary variable t, the objective function is transformed into nonlinear inequality constraints. Under the nonlinear constraints, the problem in (10) minimizes the worst-case (largest) value of the objective function. Obviously, it is a nonlinearly constrained optimization problem. SQP has proved highly effective for solving nonlinearly constrained optimization problems. It requires remarkably few evaluations of the objective function, and also has good convergence properties and practical performance [10] . Therefore, we introduce the SQP algorithm and adapt it to solve this problem.
At each iteration of the SQP algorithm, an approximation is made of the Hessian matrix of the Lagrangian function using a quasi-Newton updating method. This is then used to generate a quadratic programming (QP) subproblem whose solution is used to form a search direction for a line search procedure. Specifically in the subproblem, the unimodular equality constraint can be realized by setting s Repeat Steps (2)- (4) until the pre-specified stop criterion is satisfied, i.e.
The original CCS is Doppler sensitive, or more accurately, when it is used as the transmitted waveform, the ambiguity function has high range sidelobes with nonzero Doppler shift, and the sidelobes rise rapidly with the increase of the Doppler shift. Therefore, if the range sidelobes of the designed CCS are low enough and do not change with the Doppler shift, we believe that the designed CCS is Doppler resilient. The idea is that in a fixed Doppler shift interval, make the range sidelobes as low as possible by the iterative optimization algorithm. In the minimization problem, the objective function is exactly the range sidelobe peak of the designed CCS, and the independent variable is CCS which updates at each iteration. With the optimization, the peak of the range sidelobes can be reduced gradually. When the iteration stops, the CCS with the lowest range sidelobes can be obtained, and this designed CCS can possess better Doppler resilience than the original one.
Simulation results
Due to the flexibility of the proposed method, CCSs with arbitrary waveform numbers, pulse numbers and waveform lengths can be designed. However, we only present limited CCSs for comparison.
For the optimization in (10), if 0 < ! < 1, the better performance of autoambiguity functions can be obtained, if ! > 1, the cross ambiguity functions will perform better. Nevertheless, we just set the weight ! ¼ 1 to achieve a performance balance between the auto-ambiguity and cross ambiguity functions.
Note that, we directly use ðM; K; NÞ to indicate the size of a CCS, where M is the waveform number, K is the pulse number, and N is the waveform length.
Orthogonality analysis
Consider a colocated MIMO radar equipped with four transmitters and one receiver, where four pulses constitute a CPI and the waveform length is 40.
To demonstrate the good orthogonality of the designed CCS, we plot a group of autocorrelation (i.e. Fig. 1 . From Fig. 1 , we can see that although the sidelobes of the correlation functions are not strict zero (the autocorrelation sidelobe peak is −88.51 dB, and the crosscorrelation sidelobe peak is −83.92 dB), they are low enough for the engineering application. Moreover, the sidelobes can be further reduced with the increase of the pulse number and the waveform length.
In Fig. 2 , a stationary target scene (the background illuminated by the radar) and parts of the pulse compression results with various methods are given. In this figure, the word Y-i denotes the ith waveform for Yang's codes [2] and Barker represents Barker codes, while Co. and ST. denote the conventional and STC MIMO radar transmitting scenarios, respectively. The length of the target scene is 100 and a normalized point target is located in the center. Computer simulations demonstrate that the sidelobe peak of the designed CCS is 8.3 dB lower than that of STC code. The conventional MIMO radar with Yang's codes suffers significantly from the waveform crosscorrelation, and thus can increase the sidelobe peak of pulse compression results. The STC method can mitigate the crosscorrelation effects, hence in such a case, the results are better than the conventional pulse accumulation method. However, the autocorrelation terms of the STC method cannot be correspondingly refined. On the contrary, the designed CCS can greatly suppress the range sidelobes, benefiting from its superior orthogonality. From  Fig. 2 , we can also see that the range profile of the GPTM sequence method is extremely close to that of the designed CCS, and both the sidelobe peaks of the two methods are lower than the ones of Yang's method and STC method. However, the proposed method can design CCS without restrictions on the waveform number, the pulse number and the waveform length. As mentioned before, the GPTM sequence method can construct very limited CCSs. Hence, the proposed method is more flexible. Fig. 3 shows a group of auto-ambiguity and cross ambiguity functions of a ð4; 16; 32Þ CCS. We find that for the original CCS, the sidelobes of both the auto-ambiguity and cross ambiguity functions rise rapidly with the increase of the Doppler shift. In contrast, for the Doppler resilient CCS, since we impose the same constraint on all sidelobes in the Doppler shift interval, the sidelobes do not fluctuate with the Doppler shift. More specifically, they distribute very uniformly.
Doppler resilience
With the analysis of the Doppler resilience, Fig. 4 gives a comparison of the GPTM sequence method and the proposed method. Note that the considered Doppler shift interval is ¼ ½0; =16, and both the sizes of the CCSs are ð4; 16; 32Þ. Moreover, the Doppler shift θ is fixed as =16, which is the max value of Ω. We can see from Fig. 4 that the range sidelobe peak of the proposed method is much lower than that of GPTM sequence method, which reflects the designed CCS has better performance in terms of Doppler resilience. 
Application of the Doppler resilient CCS in MIMO radar
We investigate the point target response function, which is the final output after pulse compression, multiple pulse accumulation and beamforming (The parameters of the MIMO radar is the same as 3.1). The original CCS and the Doppler resilient CCS with the same size of ð4; 16; 40Þ are used as the transmitted waveforms. Similar to [4] , we confine the Doppler shifts to the interval ½À=k; =k, which is a single Doppler channel in MTD process. The point target response functions of the two waveforms are shown in Fig. 5 . It can be seen that for the original CCS, the range sidelobes rise rapidly on both sides of the mainlobe with the increase of the Doppler shift. However, the sidelobes of the Doppler resilient CCS are much lower and distribute more uniformly along the Doppler axis.
Conclusion
In this letter, we present a novel design of the Doppler resilient CCS for MIMO radar via an optimization method. This design does not impose any restriction on the waveform number, the pulse number and the waveform length of the CCS. Simulation results demonstrate that the designed CCS possesses good orthogonality, and the matrix-valued ambiguity function can be free of range sidelobes in a Doppler shift interval. 
